Scaleable visualization

Slide credits: Roger Grosse, Ethan Fetaya, James Lucas and Emad
Andrews, University of Toronto



Which dimension is large?
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Which dimension is large?
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Name
0 chevrolet chevelle malibu
1 buick skylark 320
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3248 rows x 3 columns

variable
Miles_per_Gallon
Miles_per_Gallon
Miles_per_Gallon
Miles_per_Gallon

Miles_per_Gallon

Origin
Origin
Origin
Origin
Origin

value
18.0
15.0
18.0
16.0

17.0

USA
Europe
USA
USA

USA



Pivoted visualizations
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Cars data - Nine Variables
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O Different channels?
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Radar charts
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Dimensionality reduction



RNA Gene Expression Data

Thousands of variables!

A W N o O
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A Pivoted visualization




Images

@ Images are intrinsically low-dimensional. Consider MNIST.

@ Input space: 28 x 28 = 784 pixel values

@ A lower dimensional representation: describe the strokes using 20 or
so control points, plus a few more parameters for thickness, etc.

Image credit: Nair and Hinton (2006)

@ Can we learn low-dimensional representations directly from the data?



Dimensionality reduction

encoder
—

3

Input Image . reconstruction
P J code / representation

decoder
| —
e

@ In dimensionality reduction, we try to learn a mapping to a lower
dimensional space that preserves as much information as possible
about the input.

@ Motivations

o Save computation/memory
e Reduce overfitting
e Visualize in 2 dimensions



Dimensionality reduction

Can be linear or nonlinear:

linear nonlinear
original data aimensionality dimensionality
reduction reduction



Tabular data

Patients with abdominal pain

RBC Count
5.18

Urine Peritonitis

Patient 1
Age: 9.61
Pain: no

gh local

1 511 7.0 no _-° 4.55  mjedium local
RBC:5.18 _ ="
Peritonitis: local ll ™"~ ==a._ __ 2| 10.75 R 5.0 no 4.79 ne no
7773 1051 9.0 no 5.03 nbne local
4 7.3 6.2 yes W no
5 15.21 8.5 yes no Observation
6 .
Patient 2
Age: 5.11 7 .

Pain: no
RBC: 4.55

Peritonitis: local

Patient 7
Age: 10.75

Pain: no

RBC: 4.79 15| 9.04 5.3 yes
Peritonitis: no 16  12.43 12.0 yes

no

generalized

Feature

Patients Table



Mathematical abstraction

As table As matrix

Patients wth abdominal pair 1666 9.0 1740[650]531 366 66

57.515.66 373 10.2
2941492 360 5.1

Age Appendix Size Heightt Weight RBC Count Temperature WBC Count 10,74 9.0 146.0

5.31 36.6 6.6 004 53 134.0
10 75 5 O 155.0§54.514.79 37.7 10.3
s sa.l il Observation 123.0123514.64 374 21.1

511 70 1160455 402 194

0.61 9.0 140.0
X = [158 120 1530

958 7.0 132.0
10.37 5.5 156.0
1452 4.5 181.0
1241 3.7 150.5
6.67 3.5 1240
1521 8.5 155.0
1243 12.0 157.0
110.51 9.0 1345

0 16.66 9.0 174.C
1 10.74 9.0 146.C
2 9.04 53 134.0

Observatjid?jz

29 2 5 18 38 7 14 3
59.014.33 36.7 12.8
24715.04 384 13.5
39.0) 48 374 5.6
55.0} 49 370 9.0
4251549 372 9.1
38.515.27 39.6 16.8
85.014.62 368 124
46.014.62 37.1 164
27.015.03 374 12.8]

Feature
Feature N — T ——

N x d Matrix: X € RVxd d

(features)

(Obs.)



Matrix, vector and scalar notation

AsS matrix

116.66 9.0 1740 65.0 531 36.6 6.6
10.74 9.0 146.0 57.5 5.66 37.3 10.2
9.04 53 1340 294 492 36.0
10.75 5.0 155.0 54.5
73 62 123.0 235
511 7.0 1160 224 4Cel|°2 19.4 Obs)  (Featurs) Dationt 8
1436 9.0 163.0 _7.5 143 \ge:

9.61 9.0 140.0 29.2 §5.18 38.7 14.3| )
15.83 12.0 153.0 500 4. . .
958 7.0 1320 24.7 504 384 135
1037 5.5 1560 39.0 48 374 56 961
1452 45 181.0 550 49 37.0 9.0
1241 3.7 1505 425 549 372 9.1 9.0
6.67 3.5 1240 385 527 39.6 16.8 140.0
1521 8.5 1550 85.0 4.62 36.8 12.4 —

1243 12.0 157.0 460 4.62 37.1 164 X8 29.2
10.51 9.0 1345 27.0 5.03 374 128 / 5.18

(gg:.) 38.7
14.3

x84 — 29.2

64 374 21.1 /.

Row Column

Observation

o)
9)

RBC: 29.2

Peritonitis: local

Patient




Principal Component Analysis




Projection onto a subspace

Xx=Uz+ pu=2z1u; +20us + p

\/' | Z — UT(X B u)
u \\.

@ Here, the columns of U form an orthonormal basis for a subspace S.

@ The projection of a point x onto § is the point X € S closest to x. In
machine learning, X is also called the reconstruction of x.

@ z Is Its representation, or code.



Projection onto a subspace



Projections onto a subspace

@ Which of the following subspaces is a better representation of the
dataset?

@ On average, the data points are closer to $; than to §j.

@ The projections onto &> are more spread out than the projections
onto 8j.



@ How to choose a good subspace §7
o Need to choose a vector 4 and a D X K matrix U with orthonormal
columns.

@ Set p to the mean of the data, u = % Zf\’:l x (/)
@ [wo criteria:
e Minimize the reconstruction error

. N
. = (1) _ g(i))2
min N ;_1 | x x\"/||



@ How to choose a good subspace §7
o Need to choose a vector 4 and a D X K matrix U with orthonormal
columns.

@ Set p to the mean of the data, u = % Zf\’:l x (/)
@ [wo criteria:

o Maximize the variance of the code vectors

max Y Var(z) = © 303 (2" - )
J Joo

5120 — 2

¥ 11201



@ These two criteria are equivalent! |.e., we'll show
1 o 1
N (o A 11
5 2 = %O = const — =37 |12
i=1 i

@ Observation: by unitarity,
|8 — || = U] = |12

@ By the Pythagorean Theorem,

1 < . 1 < . .
5D IED =l S XD - &0
i=1 =1

projected variance reconstruction error

1 o
= & > X — pf?
=1

constant




Choosing a subspace to maximize the projected variance, or minimize the
reconstruction error, is called principal component analysis (PCA).

Recall:

@ Spectral Decomposition: a symmetric matrix A has a full set of
eigenvectors, which can be chosen to be orthogonal. This gives a

decomposition
A=QAQ',

where Q is orthogonal and A is diagonal. The columns of Q are
eigenvectors, and the diagonal entries A; of A are the corresponding
eigenvalues.

@ |l.e., symmetric matrices are diagonal in some basis.

@ A symmetric matrix A is positive semidefinite iff each A; > 0.



Consider the empirical covariance matrix:

N
1 i i T
X = .E_lﬁ(x( ) — p)(x') — )

Recall: Covariance matrices are symmetric and positive semidefinite.

The optimal PCA subspace is spanned
by the top K eigenvectors of .

o More precisely, choose the first K of
any orthonormal eigenbasis for X.

o [he general case is tricky, but we'll
show this for K = 1.

These eigenvectors are called principal
components, analogous to the principal
axes of an ellipse.
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o % Q LUAD from sklearn.decomposition import PCA
g PR reduced = PCA(2).fit_transform(rna_data.values)

~00% 3 reduced_data = pd.DataFrame({"Component 1": reduced[:, 0], "
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Component 2

PCA for MNIST
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Stochastic Neighbor
Embeddings
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Figure 7: Visualization of 6,000 digits from the MNIST data set produced by the random walk
version of t-SNE (employing all 60,000 digit images).



@ t-SNE is an alternative dimensionality reduction algorithm.

@ PCA tries to find a global structure

» Low dimensional subspace
» Can lead to local inconsistencies

» Far away point can become nearest neighbors

@ t-SNE tries to perserve local structure

» Low dimensional neighborhood should be the same as original
neighborhood.

@ Unlike PCA almost only used for visualization

» No easy way to embed new points



SNE basic idea:

@ "Encode” high dimensional neighborhood information as a distribution
@ Intuition: Random walk between data points.
» High probability to jump to a close point

@ Find low dimensional points such that their neighborhood distribution is
similar.

@ How do you measure distance between distributions?

» Most common measure: KL divergence



Consider the neighborhood around an input data point x; € R¢
Imagine that we have a Gaussian distribution centered around x;

Then the probability that x; chooses some other datapoint x; as its neighbor
IS in proportion with the density under this Gaussian

A point closer to x; will be more likely than one further away



The i — j probability (should be familiar from A1Q2), is the probability that
point x; chooses x; as its neighbor

o e (HIx —x0|P/207)
I 5 i exp (=[x — x(¥)][2/202)

With P;; =0
@ The parameter o; sets the size of the neighborhood

» Very low o; - all the probability is in the nearest neighbor.
» Very high o; - Uniform weights.

@ Here we set o; differently for each data point

@ Results depend heavily on o; - it defines the neighborhoods we are trying to
Dreserve.

@ Final distribution over pairs is symmetrized: Pj; = ﬁ(Pilj + lei)

> Pick i (or j) uniformly and then " jump” to j (i) acording to Pj; (Pjj;)

P(ij) = 0.151

*P(ilj) = 0.000335



For each distribution P;; (depends on ;) we define the perplexity
> perp(P;;) = 2H(Pil) where H(P) = — . P;log(P;) is the entropy.
If P is uniform over k elements - perplexity is k.

» Smooth version of k in kNN
> Low perplexity = small o2
» High perplexity = large o

Define the desired perplexity and set o; to get that (bisection method)
Values between 5-50 usually work well

Important parameter - different perplexity can capture different scales in the
data

Entropy: 0.00
Perplexity: 1.00
Perplexity Goal: 12.0

Entropy: 2.53
Perplexity: 12.5
Perplexity Goal: 12.0

Entropy: 11.3
Perplexity: 8.25e+4
Perplexity Goal: 12.0
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Given x(), .. x(N) € RP we define the distribution P;

Goal: Find good embedding y(1), ... y(V) € R¥ for some d < D (normally 2
or 3)

How do we measure an embedding quality?

For points y(!) | ... y(M € RY we can define distribution Q similarly the same
(notice no o7 and not symmetric)

 en(ly? —yoi
Dk >:/¢k €Xp (_HY(I) - y(k)Hz)

Qjj

Optimize Q to be close to P
» Minimize KL-divergence
The embeddings y\V), .., y(V) € RY are the parameters we are optimizing.

» How do you embed a new point? No embedding function!



@ KL(Q||P) > 0 and zero only when Q = P (a.s)
@ KL(Q||P) is a convex function.
@ if P; =0 but Q; > 0 then KL(Q||P) = o0

Minimising Q'EXdUSIVE
KL(Q||P)
=N O(H)In OH) "
enk ¢ P(H |I")
Inclusive

Minimising ‘
KL(P||0) o p
=3 e |ymEELY)
H O(H )

H

[Pic credit: https://timvieira.github.io/blog/post/2014/10/06/
kl-divergence-as-an-objective-function/|



We have P, and are looking for y(I, ... y(M) € R? such that the distribution
Q we infer will minimize L(Q) = KL(P||Q) (notice Q on right, uncommon).

Note that KL(P||Q) = 3, Pjlog (g—) — Y, Pylog (Qy) + const
Can show that % = _i(Py — Qi) (y") — yU))

Not a convex problem! No guarantees, can use multiple restarts.

Main issue - crowding problem.



In high dimension we have more room, points can have a lot of different
neighbors

In 2D a point can have a few neighbors at distance one all far from each
other - what happens when we embed in 1D?

This is the " crowding problem” - we don’'t have enough room to
accommodate all neighbors.

This is one of the biggest problems with SNE.
t-SNE solution: Change the Gaussian in @ to a heavy tailed distribution.

» if  changes slower, we have more "wiggle room” to place points at.



t-Distributed Stochastic Neighbor Embedding

o Student-t Probability density p(x) o< (1 4 %)~ (v+1)/2

1
14+ x2

» for v =1 we get p(x)
@ Probability goes to zero much slower then a Gaussian.
@ Can show it is equivalent to averaging Gaussians with some prior over o2

@ We can now redefine Q,-j as

_ (1 +lyi —yl*)~*
Dk 2 k(L [y — yil[?) 71

Qjj

@ We leave Pj as is!
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